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1. Zero SUBSETS FOR wieghted CLASSES. Let D be a domain of the complex plane C. 
Denote by sbh (D) the class of subharmonic functions in D, and sbh (D) 3 — oo: z ha —oo, 
z G D (see [1]). 

A function V G sbh (C \ {0}) is called a Jensen potential if there exists a Ry > 0 such that 
0 < V{z) < max{0, log(R v /\z |)} for all zeC \ {0}. The class of all Jensen potentials will be 
denoted by PJ 0 . Let M G sbh (C) with M ^ — oo, and let vm be the Riesz measure 

for M, where A is the Laplace operator on distributions. Let Z = {zk}k=i, 2 , C C \ {0} be a 
sequence of points. 


Theorem 1. If there are a non-zero entire function f (we write / ^ 0) vanishes on Z (we 
write /(Z) = 0) and r 0 > 0 such that \f\ < e M on C (pointwise), and inf| z | <ro M(z) > — oo, 
then 


sup 



V duM ■ V G P Jn 


< Too. 


Conversely, if 


sup <; V V(z k ) - / Vdv M - V G PJ 0 nC°°(C\{0}) [>< Too, 
k -zc\{o} 


then, for each number N > 0, there is an entire function f ^ 0 such that /(Z) = 0 and 

-2?r 


\f{z)\<exp(±J” M(z + 


jo 


IT z 


N 


dd 


for all z G C. 


This Theorem 1 improves our earlier results from [2] [8] etc. 

2. Subsequences of zeros for functions with majorant of Cartwright class. A 
function M G sbh (C) belong to the (Cartright) class C (see [9]) if M is harmonic outside the 
real axis R, M( 0) = 0, M(z) = M(z) for all z G C, and 


M(z) 

hmsup —j—— < Too, 

z—> oo \Z\ 


max{0, M(x)} 


x* 


dx < Too. 


Let vm be the Riesz measure of M G C. We denote by its distribution function 



um([0@]) 


1 


when t < 0, 
when t > 0, 


t G R. 





We introduce the class RV 0 of test functions as the subclass of all upper semicontinuous 
functions 0: M \ {0} —>■ [0, +oo) such that 


( f>(x ) = 0 for |x| > limsup 


4>{x) 


O^x— >0 log |x| 

and, for each x 0 G M \ {0}, there is r 0 G (0, |x 0 |) such that 


< 1, 


71 


/•+OO | 

x + r 

/ 0(x O + x) - log 

Loo X 

x — r 


dx for all r G (0, r 0 ). 


Theorem 2. Let M G C, Z = {zk}k=i, 2 ,... CC \ {0}. 

If there exists an entire function f ^ 0 such that /(Z) = 0 and \ f\ < e M on C (pointwise), 
then 

{ r+oo 

Vl(P0)(z fc ) - / 0(f) dufjft): 0 G RV 0 } < +oo, 

k 

where (P0)(z) := 0(z) for Sz = 0 7 and, for Sz ^ 0, 


( p 0)(z) := - 

71 


r+oo 

1 

/ 


/ —oo 

x — z 

+oo 



0(x) dx (the Poisson integral). 


Conversely, if 

sup |y>0)(z fc ) - / 0(f) di^(f): 0 G f^o n C°°(M \ {0}) j- < +oo, 


then, /or each iV > 0, there exists an entire function f ^ 0 such that /(Z) = 0 and \ f\< exp 
on C where 


M n (z ) 


2-7T 

0 

M(z) 


when l^zj < |9ftz| ^ 
when 1^1 > l^zj - ^ 


This Theorem 2 generalizes our previous results [10]—[11] - 

3. (Non-) UNIQUENESS SEQUENCES. For a subset S C C, we denote by sbh(S') the class of 
functions that are subharmonic on some open set containing S. We set 

sbh + (S') \ = {u G sbh(S'): u(z ) > 0 for all z G S'}. 

Given r > 0 and b > 0, we set 

D(r) := {z G C: \z\ < r}, D(r ) := {z G C: |z| < r}, 


sbh/ (r; < h) 



G sbh + (C \ D{r) ) : lim o(z)=0, sup v(z) 
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We denote by const aija2) ... a constant depending only on Gq, a 2 ,.... 

Theorem 3. Let M G sbh (C) with the Riesz measure um, ro ,b > 0. Then there are numbers 
C := const r0i t, > 0, Cm const r0i A/ > 0 such that, for any uGsbh^ro; < b ) and for each 
function u G sbh (C) \ { — oo} with the Riesz measure u u , the pointwise inequality u < M on 
C \ D{tq) entails the inequality 


/ v du u < 
Jc\D(r 0 ) 


/ v du M + C C M — Cu(z 0 ), 

Jc\D{r 0 ) 


(C) 


where a constant Cm < +oo is positively homogeneous of M, i. e. C a M = aC m for a G [0, +oo), 
and upper semi-additive of M, i. e. C m 1 +m 2 E Ca/i + C m 2 f or M 2 G sbh (C). Besides, the 

integral in the right parts of the inequality (C) can be replaced by the integral f M dv v , 

C\D(r 0 ) 


where u v is the Riesz measure of v. 


Corollary 1. Let M G sbh(C) with the Riesz measure u M , and f be an entire function. 
Suppose that there is a number ro > 0 such that log |/| < M on C \ D(r 0 ), and f vanishes on 
a sequence Z = {z k } k= i 2 ... CC \ D(r 0 ). If v G sbh + (C \ D(r 0 )), lim v(z)—0, and 

y ' Z—¥OG 


>C\D(r 0 ) 


v du M < +oo, but E v(z k ) 


+oo, 


then f = 0. 

Corollary 2. Let ro > 0, and v G sbh + (C\ D(ro)) with the Riesz measure v v satisfies the 
condition lim r(z)=0. If an entire function f ^ 0 vanishes on a sequence Z = {zfc}fc=i,2,... C C, 

z —^OO 

and f satisfies the condition f log |/| du v < +cxo, then 

C\D(Ro) 


y, v(z k ) < +oo. 

z k eD\D 0 


4. Radial versions. Let r 0 G (0, +oo). Let M: (r 0 ,+oo) —> R be an increasing continuous 
function. Further assume that there exists its left-hand derivative M' eft on (ro, +oo) and the 
function t ha tM' eft (t) is increasing on (r 0 , +cxd). 

Let q: [r 0 ,+oo) A 1 be a bounded positive decreasing function. Further assume that 

+?° . N dt 

f g(t) — < +oo. 

r 0 t 

Let f jtz 0 be an entire function such that / vanishes on a sequence Z = {zfc}fc=i, 2 ,... C 

C \Woj- 

Corollary 3. If \f(z)\ < expM(|z|) for all \z\ > r 0 and 


r>+oo 


git) Mini*) dt < +°°> 


’ r o 
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then 


y' /~«w dt<+00 . (q) 

■'Nl * 

+ OO y 2n V 

Corollary 4. If f (A. J log|/(te l6, )| dd j dg(f) < +oo, f/ien f/ie relation (q) is fulfilled. 

These Corollaries 3,4 improve a part of results from [2]—[8], [12]. Explicit non-radial cases 
are much more complicated and will be discussed in detail in another place. 
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